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We completely classify the finite n-dimensional geometric lattices having at least one line size 
>2 and whose automorphism group acts transitively on the sets of m independent points for 
some m with 3 ~< m <~ n. 
1. Introduction 
In an n-dimensional geometric lattice *~n, the elements (or subspaces) of 
dimension i ~< n will be called i-spaces, the 1-spaces being preferably called lines 
and the 2-spaces planes. We shall denote by ~d the d-dimensional truncation of 
~n consisting of its/-spaces with i < d. SCz (resp. ~3) will also be called the linear 
(resp. planar) structure of Len. The independent m-sets (i.e., the sets of m 
independent points) will be called edges if m = 2 and triangles if m = 3. 
The problem of classifying the finite n-dimensional geometric lattices which 
have, for some positive integer m ~<n + 1, an automorphism group acting 
transitively on the independent m-sets was completely solved for (m, n) = (2, 2) 
in [3, 5], for (m, n) = (3, 2) or (4, 3) in [7], and was solved in [2] for all (n + 1, n) 
up to the knowledge of those in which all lines have size 2. All proofs deeply rely 
on the work of Kantor [5], which itself uses the classification of all finite 
2-transitive permutation groups. In this paper, we prove the following 
Theorem. Let ~ be a finite n-dimensional geometric lattice with at least one line 
size >2 and let m be an integer such that 3 <~ m <~ n. I f  G <- Aut ~,,/s transitive on 
the independent m-sets of ~ ,  then 
(i) .~  is a truncation of AG(d, q) or PG(d, q) with d >1 n, or 
(ii) m = n = (d + 1)t - 1 and .~ is a direct product of t copies ~d i (i = 1 , . . . ,  t) 
of  a d-dimensional geometric lattice ~3, where ~d is one of the following: 
(1) a line (d = 1), or 
(2) the Hermitian unital of order 4 (d = 2), or 
(3) a truncation of  AG(¢$, q) or PG(¢$, q) with ~5 >~ d >I 2. 
In case (ii) the points of ~ are those of q31 U. • • U ~ and the bases of ~,, are 
B 1U.  • • U B t, where B i is a basis of c~. 
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Remark. For m = 1, the above problem is probably hopeless. For m =2, 
although it was solved for n = 2 in [3, 5], it is still open for n I> 3: in this case, it 
follows easily from [3, 5] that ~n has the same linear structure as PG(d, q) or 
AG(d, q) (with d I> n) or a Netto triple system. Indeed, affine planes, unitals and 
the two 2 -  (9 3, 9, 1) designs of Hering [4] cannot be provided with a planar 
structure. However, whether or not a Netto triple system can be provided with a 
planar structure which is invariant under a group acting 2-homogeneously on the 
points seems to be unsolved. Note also that if ~2 = (AG(d, q))2, ~n is not 
necessarily a truncation of AG(d, q). For example, if d has a proper divisor t > 2, 
identify the points of AG(d, q) with the elements of GF(qe), let 
~t = {aGF(q') + b: a, b e GF(qe), a ~ 0} 
and let ~2 denote the set of all planes of AG(d, q) which are contained in no 
element of ~t; then (AG(d, q))2, provided with the set of planes ~2 U ~t, is a 
planar space invariant under the edge-transitive group AGL(1, qd). 
2. Proof of the theorem 
G acts transitively on the (m - 1)-spaces of -~n, that is on the hyperplanes of 
~m and so, by Corollary 2.2 of Kung [6], G acts transitively on the points of ~,,. 
Hence *~m-1 is a point- and basis-homogeneous geometric lattice. 
Suppose that G does not act edge-transitively. Then Theorem 2 in [2] applies 
and ~,,,_1 is a disjoint union of t copies ~gl , . . . ,  ~, of an edge and basis- 
homogeneous d-dimensional geometric lattice ~, any basis of ~m-~ being the 
union of independent (d + 1)-sets in a~ copies of ~ and of independent d-sets in 
the other t -  tr copies, so that m = td + tr. Since n >m-  1, the independent 
(m + 1)-sets of ~n are such that all their m-subsets are in the same orbit under G. 
Therefore tr = t -  1, so that the independent (m + 1)-sets of ~ are unions of 
independent (d + 1)-sets in the t copies of ~. Hence .~ has no independent 
(m + 2)-set and (ii) occurs, the list of possibilities for ~d coming from [2, Theorem 
1]. 
Suppose now that G acts edge-transitively. Then Theorem 1 in [2] applies and 
~m-~ is a truncation of AG(d, q) or PG(d, q) with d t> 3, because *~m-1 is alSO a 
truncation of ~,, and n I> 3. If ~m-~ is a truncation of PG(d, q), we know that 
G ~ PSL(d + 1, q) or G is A7 acting on PG(3, 2). In both cases it follows that 
~ must also be a truncation of PG(d, q). 
Suppose now that ~m-1 is a truncation of AG(d, q). It suffices to prove that the 
stabilizer Go of a point o contains SL(d, q). This was proved in [2] for m >i 4 and 
the proof of Step 2 in [2] also shows that it is true if (d, q) = (4, 3). Hence it 
remains to consider the case m = 3 and (d, q) =~ (4, 3). Then, as mentioned in [2], 
Go ~ N where N = SL(d/r, q'), Sp(d/r, q') or G2(q r) and r divides d (r :~ d). If 
r ~: 1, G preserves a family of r-dimensional ffme subspaces such that any line of 
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LPn is in exactly one of them, contradicting the transitivity on triangles. Hence 
r = 1. If N = Sp(d, q), there is a triangle {o, a, b} such that the vectors a, b, 
b - a are mutually perpendicular, but there is also a triangle {o, a', b '} such that 
a' and b' are not perpendicular, a contradiction. If N = G2(q), then d = 6 and 
there is an underlying symplectic structure invariant under Go (see, e.g. [1, 
Appendix]), so that the preceding argument applies. [] 
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